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The question of the girth of cycle permutation graphs is discussed. It is 
demonstrated by a computer search, that there are no cycle permutation graphs 
with girth 9 on less than 60 vertices, and that precisely two non-isomorphic 
examples exist on 60 vertices. 
1. Introduction 
The problem which this communication addresses is that of determining mini- 
mal cycle permutation graphs with girth 9. This question, and indeed that of the 
existence of such graphs, arises naturally from the study of cycle permutation 
graphs (cf. Conclusion). 
It is also, however, a special case of the problem of finding minimal trivalent 
graphs with girth 9 [l, 2, 31. 
The latest results to this end are a lower bound of 54 vertices and an upper of 
58 vertices. The latter was obtained by constructing a trivalent graph with girth 9 
on 58 vertices [2]. 
The question of whether such a graph exists on 54 or 56 vertices remains open. 
2. Permutation graphs 
Let G be a graph with vertex set V(G) = (1,. . . , IZ}, and edge set E(G), and let 
7~ be a permutation on V(G), i.e. n E S,,, then the permutation graph (G, 7~) is 
obtained by taking two disjoint copies G and G’ of the labelled graph G together 
with edges joining vertex i of G and r(i)’ of G’. For some properties of 
permutation graphs see, for instance [4,5]. 
Clearly the degree of each vertex is increased by one. Thus regularity is 
preserved. 
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If G is C,,, the cycle on n vertices, we label the vertices so that: 
E(C,,)={(i, i+l) 1 i= 1,. . . ,n-l}U{(n, 1)) 
and if TT E S,,, then (C,,, n) is a cycle permutation graph. Since a cycle has valency 2, 
these graphs are trivalent. 
The authors were first acquainted with cycle permutation graphs from [6], 
where the problem of determining their genus was posed. 
3. Search 
A computer search for a minimal cycle permutation graph of girth 9 or larger 
was made on a Dee 10 computer using a simple backtracking algorithm written in 
the programming language Pascal. 
The search for such graphs with less than 60 vertices gave a negative result. 
This is significant inasmuch as it demonstrates that trivalent graphs with girth 9 on 
less than 60 vertices (e.g. [2]) cannot be divided into two disjoint equal cycles (are 
not ‘cycle permutation graphs). 
The search found cycle permutation graphs on 60 vertices with girth 9. A 
systematic check of all such graphs on 60 vertices revealed that there are precisely 
two non-isomorphic (CsO, o) and (C3,), T). 
CT = (1)(2,7, 16,9, 11, 19,5,27,4,20, 12,6,3,13,25, 15) 
(8,23)(10,30, 17,22,24,29,26,21, 18,28)(14) 
T = (1)(2,7, 18,29,25,30, 17,6,4,22,26,21,3, 13,27,5, 
28, 11)(8,9,24, 15, 16,23)( 10,14)( 12,20)( 19) 
The non-isomorphism of these two graphs was established by computing their 
spectra. 
4. Conclusion 
The problem which interested us was that of finding a cycle permutation graph 
with girth greater than eight. A cycle permutation graph with girth eight is not 
hard to construct even if we limit ourselves to permutations of the form: 
m(i)=ki(modn), i=O,1,2 ,..., n-l (1) 
Here the vertices are labelled 0, . . . , n - 1. 
In order for this to be a permutation we must have k prime to n, thus there 
exists k*, the multiplicative inverse modulo n of k, such that: 
k*k = kk” = 1 (mod n). 
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The additional conditions which assure that there is no cycle shorter than eight 
are as follows: 
max{j. n - j) > 4 
max(2jmod n, n-(2jmod n))>3 
I 
for j= k, k* 
max(3j mod n, n -(3j mod n)}>2 
The minimum value of n, for which such a k exists is 18. Here k can be 5, 7, 11 
or 13. 
However all cycle permutation graphs defined with permutations of the form 
(l), have cycles of length eight. For example: 
0, 0’, l’, k”, (k*+ l), (k+ l)‘, k’, 1, 0 
Recall that an apostrophe denotes a vertex in the second copy. 
It is for this reason that cycle permutation graphs with girth 9 cannot be 
obtained from permutations of type (1). 
A question for further research is that of cycle permutation graphs with larger 
girth. The following conjecture is of interest in this connection: 
Conjecture 1. There exists a natural number k, such that there is no cycle 
permutation graph with girth greater than or equal to k, however large its base 
cycle C,,. 
The second author, however, proposes the following: 
Conjecture 2. Conjecture 1 is false. 
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